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2.1 - Delta-hedged Gain and Loss
$(\Omega,\mathcal{F},P;\{\mathcal{F}_{t}\}_{t\geq 0})$ $t\in[0,T]$










? $J$ackwerth $[2000]$ Guo$[2000]$
Ait-Sahalia, Wang, and Yared[2001] ( )
( ) ( ) ( )
(1)
$t$ $\mathcal{G}_{t}$ ( $\mathcal{G}$ t $\subset\Omega$ $t$ $\sigma$
$\mathcal{G}_{0}\subset \mathcal{G}_{t_{1}}\subset \mathcal{G}_{t_{2}}\subset\cdots,$ $0\leq\forall t_{1}\leq\forall t_{2}\leq\cdots$ ) $t$ $\mathcal{F}_{t}$ $\mathcal{G}_{t}$
(1)
$\mu_{t}arrow\tilde{\mu}_{t}\equiv E[\mu_{t}|\mathcal{G}_{t}]$ , $\theta_{t}arrow\tilde{\theta}_{t}\equiv E[\theta_{t}|\mathcal{G}_{t}]$ , $\eta_{t}arrow\tilde{\eta}_{t}\equiv E[\eta_{t}|\mathcal{G}_{t}]$ , $\rhoarrow\tilde{\rho}$ (2)
$\mu_{t\text{ }}\theta_{t\text{ }}\eta_{t\text{ }}$ $\{\mathcal{G}_{t}\}_{t\geq 0}$
( $\mu_{t}\neq\tilde{\mu}_{t\text{ }}\theta_{t}\neq\tilde{\theta}_{t\text{ }}\eta_{t}\neq\tilde{\eta}_{t\text{ }}\rho\neq\tilde{\rho}$
)
$T$ $K(>0)$ $*$ 2 $t$
$C(t, T;K)$ $C_{t}\equiv C(t, T;K)$
$0\leq\tau\leq T-t$
$C_{t+\tau}=C_{t}+ \int^{t+\tau}\frac{\partial C_{u}}{\partial S_{u}}dS_{u}+\int^{t+\tau}\frac{\partial C_{u}}{\partial\sigma_{u}}d\sigma_{u}+\int_{t}^{t+\tau}b_{u}du$
(3)
$b_{u}= \frac{\partial C_{u}}{\partial u}+\frac{1}{2}\sigma_{u}^{2}S_{u}^{2}\frac{\partial^{2}C_{u}}{\partial S_{u}^{2}}+\frac{1}{2}\eta_{u}^{2}\frac{\partial^{2}C_{u}}{\partial\sigma_{u}^{2}}+\rho\eta_{u}\sigma_{u}S_{u}\frac{\partial^{2}C_{u}}{\partial S_{u}\partial\sigma_{u}}$
(Pricing Equation)
$\frac{1}{2}\sigma_{t}^{2}S_{t}^{2}\frac{\partial^{2}C_{t}}{\partial S_{t}^{2}}+\frac{1}{2}\tilde{\eta}_{u}^{2}\frac{\partial^{2}C_{t}}{\partial\sigma_{t}^{2}}+\tilde{\rho}\tilde{\eta}_{t}\sigma_{t}S_{t}\frac{\partial^{2}C_{t}}{\partial S_{t}\partial\sigma_{t}}+(r_{d}-r_{f})S_{t}\frac{\partial’C_{t}}{\partial S_{t}}+(\tilde{\theta}_{t}-\lambda_{t}[\sigma])\frac{\partial C_{t}}{\partial\sigma_{t}}+\frac{\partial C_{t}}{\partial t}-r_{d}C_{t}=0$ (4)
rd $r_{f}$ ( ) ( )
$\lambda_{t}[\sigma]$ $dW_{t}^{2}$
(4)
$\frac{\partial C_{t}}{\partial t}=-\frac{1}{2}\sigma_{t}^{2}S_{t}^{2}\frac{\partial^{2}C_{t}}{\partial S_{t}^{2}}-\frac{1}{2}\tilde{\eta}_{u}^{2}\frac{\partial^{2}C_{t}}{\partial\sigma_{t}^{2}}-\tilde{\rho}\tilde{\eta}_{t}\sigma_{t}S_{t}\frac{\partial^{2}C_{t}}{\partial S_{t}\partial\sigma_{t}}-(r_{d}-r_{f})S_{t}\frac{\partial C_{t}}{\partial S_{t}}-(\tilde{\theta}_{t}-\lambda_{t}[\sigma])\frac{\partial C_{t}}{\partial\sigma_{t}}+r_{d}C_{t}$
(3) $b_{u}$
$C_{t+\tau}=C_{t}+ \int_{t}^{t+\tau}\frac{\partial C_{u}}{\partial S_{u}}dS_{u}+\int^{t+\tau}(r_{d}C_{u}-(r_{d}-r_{f})S_{u}\frac{\partial C_{u}}{\partial S_{u}})du$
$+ \int^{t+\tau}[\frac{1}{2}(\eta_{u}^{2}-\tilde{\eta}_{u}^{2})\frac{\partial^{2}C_{u}}{\partial\sigma_{u}^{2}}+(\rho\eta_{u}-\tilde{\rho}\tilde{\eta}_{u})\sigma_{u}S_{u}\frac{\partial^{2}C_{u}}{\partial S_{u}\partial\sigma_{u}}+(\theta_{u}-\theta_{u}^{\sim})\frac{\partial C_{u}}{\partial\sigma_{u}}]du$ (5)
$+ \int^{t+\tau}\lambda_{u}[\sigma]\frac{\partial C_{u}}{\partial\sigma_{u}}du+\int^{t+\tau}\eta_{u}\frac{\partial C_{u}}{\partial\sigma_{u}}dW_{u}^{2}$
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$t$ $t+\tau$ ( ) $C_{t}$
$\Pi_{t,t+\tau}$ ($=Delta$-hedged Gain and Loss DHGL )




$+ \int^{t+\tau}\lambda_{u}[\sigma]\frac{\partial C_{u}}{\partial\sigma_{u}}du+\int^{t+\tau}\eta_{u}\frac{\partial C_{u}}{\partial\sigma_{u}}aW_{u}^{2}$
(7) (Physical Measure) $P$
DHGL




((2) ) $((1)$ $)$ ( $\mu_{t}=\tilde{\mu}_{t\text{ }}\theta_{t}=\overline{\theta}_{t\text{ }}$
$\eta_{t}=\tilde{\eta}_{t\text{ }}\rho=\tilde{\rho}$ ) (8) DHGL $P$
$E^{P}[ \Pi_{t,t+\tau}]=\int^{t+\tau}E^{P}[\lambda_{u}[\sigma]\frac{\partial C_{u}}{\partial\sigma_{u}}]du$ (9)
DHGL $\lambda_{t}[\sigma]$
Heston[1993]
$\lambda_{t}[\sigma]\equiv\lambda\sigma_{t}$ ( $\lambda$ ) $\sigma$t $>$ 0 $\frac{\partial C_{r\iota}}{\partial\sigma_{14}}>0$ DHGL
$\lambda$
((2) ) $((1)$ $)$










31 $(\mu\downarrow=\overline{\mu}_{t}=r_{d}-r_{J})$ UIP (Uncovered Interest Parity)
UIP
2 $(k=\tilde{k})$ (1) $\sigma_{t}\sim N(\sigma_{0}e^{(-k\ell)},$ $\frac{v^{2}}{2k}(1-e^{(-2k\ell)}))$
(1) (2) $\sigma_{t}$ $P$ ( $t$ )
Jiang and Tian[2005]
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$\rho(\tilde{\rho})$ Das and Sundaram[1997] Heston[1993]
( ) (Conditional
Skcwncss) (Conditional Kurtobis) $v,$ $\rho$
$\rho$ Mis-spccification
$v$ $\rho$




(2) ( $=$ $C_{t}$ ) $C_{t}^{H,M}(\lambda)$
$C_{t}^{H,T}$ (3)
$C_{t}^{H} \dotplus_{\tau}^{T}(\lambda)=C_{t}^{H,T}(\lambda)+\int^{t+r}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial S_{u}}dS_{u}+\int^{t+\tau}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}d\sigma_{u}+\int^{t+\tau}b_{u}du$
(10)
$b_{u}= \frac{\partial C_{u}^{H,T}(\lambda)}{\partial u}+\frac{1}{2}\sigma_{u}^{2}S_{u}^{2}\frac{\partial^{2}C_{u}^{H,T}(\lambda)}{\partial S_{u}^{2}}+\frac{1}{2}\eta_{u}^{2}\frac{\partial^{2}C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}^{2}}+\rho\eta_{u}\sigma_{u}S_{u}\frac{\partial^{2}C_{u}^{H,T}(\lambda)}{\partial S_{u}\partial\sigma_{u}}$
(4) (Pricing Equation)
$\frac{1}{2}\sigma_{t}^{2}S_{t}^{2}\frac{\partial^{2}C_{t}^{H,T}(\lambda)}{\partial S_{t}^{2}}+\frac{1}{2}\eta_{u}^{2}\frac{\partial^{2}C_{t}^{H,T}(\lambda)}{\partial\sigma_{t}^{2}}+\rho\eta_{t}$,.. $s_{t} \frac{\partial^{2}C_{t}^{H,T}(\lambda)}{\partial S_{t}\partial\sigma_{t}}+(r_{d}-r_{f})S_{t}\frac{\partial C_{t}^{H,T}(\lambda)}{\partial S_{t}}$
(11)
$+( \theta_{t}-\lambda_{t}[\sigma])\frac{\partial C_{t}^{H,T}(\lambda)}{\partial\sigma_{t}}+\frac{\partial C_{t}^{H,T}(\lambda)}{\partial t}-r_{d}C_{t}^{H,T}(\lambda)=0$
(10) (11) (5)
$C_{t}^{H,T}$
$C_{t}^{T} \dotplus_{\tau}^{H}(\lambda)=C_{t}^{H,T}(\lambda)+\int^{t+\tau}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial S_{u}}dS_{u}+\int_{t}^{t+\tau}(r_{d}a_{u}^{H,\tau_{(\lambda)-}}(r_{d}-r_{f})S_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial S_{u}})du$
(12)
$+ \int^{t+\tau}\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}du+\int^{t+\tau}v\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}dW_{u}^{2}$
$\tau\equiv T-t$ $C_{T}^{H,T}(\lambda)=C_{T}^{H,T}(0)$ (12)
$C_{t}^{H,T}( \lambda)+\int^{T}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial S_{u}}dS_{u}+\int^{T}(r_{d}C_{u}^{H,T}(\lambda)-(r_{d}-r_{f})S_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial S_{u}})du$
$+ \int^{T}\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}du+\int^{T}v\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}dW_{u}^{2}$
$=C_{i}^{H,T}(0)+ \int^{T}\frac{\partial C_{u}^{H,T}(0)}{\partial S_{u}}dS_{u}+\int^{T}(r_{d}C_{u}^{H,T}(0)-(r_{d}-r_{f})S_{u}\frac{\partial C_{u}^{H,T}(0)}{\partial S_{u}})du$
$+ \int^{T}v\frac{\partial C_{u}^{H,T}(0)}{\partial\sigma_{u}}dW_{u}^{2}$
$C_{t}^{H,T}(0)-C_{t}^{H,T}( \lambda)=\int^{T}E^{P}[\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}]du+r_{d}\int^{T}E^{P}[C_{u}^{H,T}(\lambda)-C_{u}^{H,T}(0)]du$ (13)
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1$C_{t}^{H,T}(0)-C_{t}^{H,T}( \lambda)\leq(\geq)\int^{T}E^{P}[\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}]du\leq(\geq)(1+r_{d}(T-t))(C_{t}^{H,T}(0)-C_{t}^{H,T}(\lambda))$ $f$or $\lambda\geq(\leq)0$
$r_{d}=0$
$C_{t}^{H,T}( 0)-C_{t}^{H,T}(\lambda)=\int^{T}E^{P}[\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}]du$ (14)
1(1) $\lambda$ $\geq$ $0$ $C_{u}^{H,T}(\lambda)-C_{u}^{H,T}(0)$ $\leq$ $0(\forall u \in [t, T])$ $\text{ ^{}\frac{\partial}{\partial u}E^{P}}[C_{u}^{H,T}(\lambda)-C_{u}^{H,T}(0)]$ $=$







(2) $\lambda<0$ $C_{u}^{H,T}(\lambda)-C_{u}^{H,T}(0)$ $\geq 0(\forall u\in [t, T])$ $\frac{\partial}{\partial u}E^{P}[C_{u}^{H,T}(\lambda)-C_{u}^{H,T}(0)]$ $=$




Stein $[1989|$ Bakshi and Kapadia[2003] $*$ 4 Near-the Money
(NTM) Bakshi
and Kapadia[2003] $\sigma_{t}$ $\frac{\partial C^{PJ.T}(\lambda)}{\partial\sigma}$ ( $\sigma_{t}$ $\frac{\partial C^{H,M}(\lambda)}{\partial\sigma_{t}}$)
Bakshi and Kapadia[2003]
2 (Bakshi and Kapadia(2003)) (Vega) $\partial C_{t}/\partial\sigma_{t}$ $S_{t}$ $\sigma_{t}$
$\partial C_{t}/\partial\sigma_{t}=\beta(\tau;y)S_{t}(\beta$ $\tau$ $y$









2 Bakshi and Kapadia[2003J Proposition2
(14) : $\mu_{t}=\tilde{\mu}_{\ell\text{ }}k=\tilde{k}$ $v=\tilde{v}$
$C_{t}^{H,T}(0)-C_{t}^{H,T}( \lambda)\approx\int_{t}^{T}E^{P}[\lambda\sigma_{u}\frac{\partial C_{u}^{H,T}(\lambda)}{\partial\sigma_{u}}]du=\lambda\varphi_{t}^{H,T}(\tau)S_{t}\sigma_{t}$











2 (1) $(k, v, \rho)$ ( )














$\lambda_{t}[\sigma]\equiv\lambda\sigma_{t}$ ( $\lambda$ )















3 (Carr and Wu(2009)) $t$ $T$
$t$
$E_{t}^{\overline{P}}[RV_{t,T}]= \frac{2}{T-t}\int_{0}^{\infty}\frac{\Theta_{t}(K,T)}{B_{t}(T)K^{2}}dK$ (21)
$B_{t}(T)$ $T$ 1 $t$ $\Theta_{t}(K, T)$
$K$ $T$ $OTM$ (Out of the Money) $t$
( K $>ATM$ $K\leq ATM$
)
3 Carr and $Wu[2009J$ Propositionl
(18) $($ A $(=k),\tilde{v}(=v))$



















$g= \frac{\beta_{j}-2\rho v\phi\sqrt{-1}+h}{\beta_{j}-2\rho v\phi\sqrt{-1}-h}$
$h=\sqrt{(2\rho v\phi\sqrt{-1}-\beta_{j})^{2}-4v^{2}(2u_{j}\phi\sqrt{-1}-\phi^{2})}$ $(j=1,2)$
and





WM/Rcuter Closing Spot Ratc
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DHGL
Bid
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3.2 Heston[1993]





1750 ( 7 ) $*$6 Rolling
Window




$K$ OTM $\Theta_{t}(K, T)$
11
Brunncr and Hafncr[2003] $*$ 7 (21)
$B_{t}(T)$ $\exp(-r(T-t))$ ( $r$ LIBORIM )
3.4 DHGL
(ATM OTM 25-Delta- ) $*$ 8
(
) 1 $l$ (DHGL)
2003 10 31 1 1
2010 5 31 6
1,717 DHGL
Garman-Kohlhagen[1983] ( Black-Scholes )






7 $t$ T $K$ $\sigma_{t}^{T}(K)$










4.1 Market Price of Volatility Risk








(2003 10 31 2010 5 31 ) $\lambda$
(2003 10 31 2006 12 29 ) (2007 1
2 2010 5 31 )
$\check{n}\sim nnn^{arrow\acute{s}_{n\check{n}}^{3}\frac{9}{n}\frac{\S}{n}5_{nn}’arrow\frac{9}{n}\approx\dot{3}\frac{5}{n}arrow Q^{1}}q_{\frac{Q}{n}d,\Leftrightarrow g_{\check{n}n\sim}g_{nn}}?q\dot{q}\dot{q}qqq\infty n_{L,99^{k\neg,9}}\infty rn_{N^{\circ Z,\frac{q}{n}\frac{9}{n}\dot{g}_{n\infty\check{n}}}}x\epsilon s^{\frac{*}{\epsilon}5}i8l^{\dot{\frac{q}{?}}=t\S\S 8^{\tilde{q}qq\tilde{q}q\tilde{q}\#^{*}e_{9}^{\Phi}\#^{o\alpha}9S_{qarrow\frac{e}{\overline{\Leftrightarrow}\epsilon’,}}^{*0}}}=\S\xi\epsilon=\xi\approx s^{\frac{q}{\epsilon}\epsilon}\ni S8^{\triangleright\triangleright\triangleright}t^{qqq}\llcorner’\llcorner\epsilon_{6,n}\epsilon n_{\check{\Phi}\sim n}$
Fig.1: The Market Price of Volatility Risk $\lambda$






(Partial Auto Correlation) 3
$\lambda_{t}=\alpha+\beta_{1}\lambda_{t-1}+\beta_{2}\lambda_{t-2}+\beta_{3}\lambda_{t-3}+\epsilon_{t}$ $\epsilon_{t}$
$\alpha$ $\lambda_{t}$ (Unconditional Mcan)
$E[ \lambda_{t}]=\frac{\alpha}{1-\beta_{1}-\beta_{2}-\beta_{3}}$
( ) Low and






$(k, v, \rho)$ $\lambda$




((17) ) Mis-specification $((17)$
) ATM IM
Straddle Delta-251M Put $\lambda$
(2003 10 31 $\sim 2010$ 6 30
Period ” Total” ) (2003 10 31 $\sim 2006$ 12 29 $[Period$ ’
(A)” ) (2007 1 2 $\sim 2010$ 6 30 $\lceil$Period ” (B) ’ ) 3
$\lambda$ ( $\lambda$ ” All“ ) DHGL ATM lM
Straddle Delta-251M Put (B)
(B) $\lambda$ (A)









ATM lM Straddle $\lambda$ $-2.5$
$\lambda$ ( ) Mis-specification DHGL
$\lambda$ Mis-specification
Mis-specification
$\lambda$ $\lambda$ $-2.5$ ATM IM Straddle
$100bp$ Delta-251M Put $80bp$ DHGL
$-0.5<\lambda\leq 0$ (B) ATM lM Straddle Delta-251M Put
DHGL Mis-specification
2010 4 2010 5
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Table2 DHGL
Tablc3 Tablc4 Tablcl DHGL
(Risk Purcmium Mis-specification ) ( Table3
ATM lM Straddle Table4 Delta-25 Put )
Table3 DHGL ( $[(1)$ DHGL.TotalJ ) p-
Value$=0.222$ (B) p-Value$=0.072$
DHGL
( $DHGL$ implicd by Volatility Risk Premium
$rPeriod$ (B) ) Mis-speci cation
DHGL ( $\lceil DHGL$ implied by Model Mis-speci $cation\rfloor$ )
Tablc2 DHGL
Mis-spccification
Tablc4 Table3 Delta-25 Put Table3
Dclta-25 Put DHGL Mis-specification
( $\lceil DHGL$ implied by Modcl Mis-spccification$\lrcorner$ )
DHGL ( $\lceil DHGL$ :Total ) Table3
DHGL $Mis$-specification ATM Straddle
Delta-25 Put
5



















Table3: Summary Statistics of the Delta-hedged Gain and Loss
$\sim$ Thc Casc of ATM lM Straddle Short Strategy $\sim$
$\overline{(1)DHGL}$:Total
(2)DHGL implied by the Volatility Risk Premium
(3)DHGL implied by the Model Mis-specification
Table4: Summary Statistics of the Delta-hedged Gain and Loss
$\sim$ The Casc of Delta-251M Put Short Stratcgy $\sim$
$\overline{(1)DHG\text{ }}$:Total
(2)DHGL mplied by the Volatllity Risk Premium
(3)DHGL implied by the Model $M$ s-specification
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